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We address the wellknown problems introduced into the theory of fluids by density fluctuations 
in the form of van der Waals loops and nonclassical critical phenomena. A clean separation of 
long and short range density fluctuations is achieved by use of cell-constrained models which 
display well-defined van der Waals loops and classical behaviour around the critical point. For 
a pure Lennard-Jones fluid with occupancy restricted to 1 or 8 particles per cell, the phase 
diagram is determined by Monte Carlo simulation. By considering the deviations from the 
normal simulations without cell constraint, the effects of longer range density fluctuations are 
exposed. The system size dependence of the van der Waals loops present in all simulations of 
fluids is analyzed in terms of the GvdW free energy density functional theory, which is 
formulated on the basis of the cell concept. The loops are found to gradually disappear either 
with greater cell occupancy or increasing total particle number in the simulation box. 

Keywords: Cell models; Phase diagrams; Van der Waals loops 

INTRODUCTION 

The study of fluids has been revolutionized by the growing ability to 
simulate the microscopic structures and interactions which bring about the 
macroscopically observable properties. Most prominent of all the properties 
of a fluid is its equation of state, i.e., the pressure as a function of 
temperature and density (or volume). Unfortunately, the phase transition 
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ia  J. WESTERGREN el a/ .  

between liquid and gas and the concomitant density fluctuations which arise 
in a two-phase coexistence region of the phase diagram is a severe problem 
for the Monte Carlo or molecular dynamics (MD) simulation methods now 
applied to fluids [ 1,2]. The reason is that the fluctuations are enhanced by 
bubble or drop formation while the growth and decay of these structures 
occur on a slower timescale than ordinary single phase fluid fluctuations [3]. 
Thus, the generation of a complete equation of state for a fluid with the 
normal phase diagram exhibiting gas - liquid condensation is far from 
routine. Interestingly, the equations of state used in practice show little overt 
indication of the fluctuations where the coexistence boundary is determined 
by the Maxwell construction, a thermodynamic consistency argument of 
rather more purely mathematical character. The original form of the 
equation of state actually refers to a uniform fluid where the possibility of 
phase separation and large scale fluctuations has been eliminated. Exactly 
how such fluctuations are damped out is hardly ever discussed in the context 
of equations of state. 

The presence of density fluctuations with their sometimes dramatic effects 
has been known for a long time [4]. Special methods have been developed to 
study the nonclassical fluctuations around the critical point. It would appear 
natural to seek equations of state which incorporate long range density 
fluctuations correctly. Progress in this direction has, however, been hindered 
by the considerable complexity encountered over the full spectrum of fluid 
behaviour. In this work we shall explore a different approach to the problem 
which we believe will eventually provide a very practical solution. Fluid 
models are proposed which clearly eliminate long range density fluctuations 
by confining the particles to cells of specified occupancy. This may seem at 
first to merely exacerbate the error, but there will be at least three important 
advantages: 

(1) the error will be of a clear and precise form associated with long range 
density fluctuations; 

(2) the simulation of such cell-constrained fluids will be much simplified by 
the absence of convergence difficulties associated with phase separations 
and critical fluctuations; 

( 3 )  a generic basis for the effects arising from long range density fluctuations 
permits the error to be analyzed and estimated by general methods. 

We suggest that these advantages will be of considerable practical benefit. 
The error can be assessed in relation to the application. It can be reduced, if 
not eliminated, by increase of system size. Simulations can be applied more 
readily by routine procedures which do not require a priori information 
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DENSITY FLUCTUATIONS 19 

about the phase diagram. The convergence should be fast enough that 
simulation results can become definitive for given system size and 
reproducible by different simulators with various codes. In the longer term, 
the most important advantage may be that the error is generic, i.e., either 
independent or only weakly dependent on the detailed molecular model 
defining the fluid. Thus the error analysis is systematic and general for all 
fluids. It is anticipated that the renormalization group approach and other 
methods of a similar nature will eventually allow the predictions of a cell- 
constrained simulation to be corrected for long range density fluctuations. 

In the present work, the magnitude of the finite size error of a cell- 
constrained Lennard-Jones fluid is investigated by comparing results for 1 
or 8 particles per cell with corresponding results for the standard models 
with periodic boundary conditions imposed on boxes containing 512 
particles or more. The results will be obtained in the form of state points in 
the (P, v)-phase diagram. To interpret these results, a few simple equations 
of state are developed which without being able to reproduce all details, still 
capture the gross features quite well. In particular, the critical properties are 
considered as a measure of the effect of density fluctuations in a region of 
greatest influence. 

The debate concerning the appearance of van der Waals loops in 
simulations is also addressed. Although such loops are present and well 
converged in the cell-constrained simulations, it is not clear whether they are 
observable in standard periodic boundary simulations with large numbers of 
particles. This question was recently considered by Nakanishi and 
coworkers [ 5 ] .  Here a density functional theory, the generalised van der 
Waals (GvdW) theory, is utilised in an attempt to resolve the issue. In fact, 
the formulation of GvdW theory draws on cell structure arguments. It 
therefore relates directly to the cell-constrained fluid models and allows an 
analysis of density fluctuations to be carried out. Thus, the relative 
probabilities of uniform and two-phase coexistent configurations arising in 
the simulation box of a normal MC or MD simulation can be estimated. As 
the total particle number N in the box grows, the stable configuration 
passes from uniform towards Maxwell reconstructed form for an interval 
of volume which approaches the full coexistence region as N goes to 
infinity. Whenever a two-phase configuration is stable, great difficulty can 
be anticipated in converging the simulation on starting from a uniform 
fluid configuration. Between the uniform initial state and the stable 
equilibrium configuration there is then likely to be a free energy barrier 
which will slow down the equilibration beyond the time scale accessible to 
the simulation. 
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20 J .  WESTERGREN et al. 

CELL CONSTRAINED SIMULATION METHOD 

The Monte Carlo (MC) cell simulation method used here differs from 
standard Metropolis scheme only by imposing an inner lattice structure 
subdividing the usual “global box” into “n-particle cells”. Given the total 
number of simulated particles N with uniform cell occupancy n, the number 
of such cells is just Ncel l=N/n.  Each cell maintains its initial n particles 
throughout the entire simulation since trial moves which take any particle 
out of its cell are assigned zero probability and simply rejected. Only pure 
fluids are considered here, so that all particles are identical in every respect 
other than their positions (momenta are not sampled). In this case, the 
discrepancy compared to a conventional simulation can be readily assigned 
to the suppression of all configurations where at least two occupation 
numbers differ from n.  This constraint damps out density fluctuations in the 
sampled ensemble in a well-defined manner. As the wavelength of a 
representable density fluctuation increases, the restriction on its amplitude 
becomes more severe. It is precisely the longest lived fluctuations, in terms of 
either real time in MD simulations or number of steps in the Markov chain 
for MC simulations, which are most suppressed. The result is, we claim, an 
optimized convergence of the simulation. As usual in an MC simulation, the 
type of cell structure needs to be specified (simple cubic structure will be 
used below) as well as an initial configuration. The Markov chain is 
generated by the usual Metropolis prescription with the only variation that 
moves altering the occupancy of any cell are rejected. The procedure also 
seems ideally suited for routine use in the study of bulk molecular fluids. 

Of course, the validity of results obtained in such an apparently strongly 
constrained ensemble must be questioned. No doubt quantitative and, in 
some cases, qualitative differences will arise in comparison with the 
unconstrained fluid. Best known are the “classical” critical properties 
imposed by the cell structure [4,6]. The amplitude of density fluctuations 
diverge at the critical point which cannot be reproduced in a cell simulation. 
This singular behaviour results in a shallower bowl for the coexistence 
curve, compared with the classical prediction, and a lower critical 
temperature which must therefore be overestimated in the cell simulation. 
Obviously, the error is most noticeable for single occupancy cell theory but 
even for conventional fluid simulations with hundreds or thousands of 
particles in the global box the problem is still persists [ 5 ] .  It is also clear that 
any tendency towards association clustering or molecule formation in the 
real fluid may also increase the quantitative difference compared with 
experiment. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



DENSITY FLUCTUATIONS 21 

To help motivate the cell constraint, observe that the neglected communal 
entropy is independent of the volume for an ideal gas. Thus, the cell 
constrained ideal gas obeys the usual ideal gas law exactly. This is also true 
for a one-dimensional fluid of hard rods. Although suggestive, there is no 
direct evidence that a similar result also holds for realistic three-dimensional 
fluids. Intuitively one might suppose that dense fluids are better represented 
by a cell simulation than low density fluids since there would seem to be little 
scope for density fluctuations in the former. Over the broad class of 
molecular fluids, however, the true behaviour remains poorly understood. 
For bulk fluids, at least, it is clear that the cell constrained simulation is no 
less well-defined than the original unconstrained MC method. Moreover, 
there is every reason to believe that it will offer rapid convergence by virtue 
of the necessarily localized particle motion. The effects of density 
fluctuations can be probed systematically by increasing both cell size and 
particle occupation number. The most significant effects of the density 
fluctuations thus recovered would appear in the vicinity of the critical point. 
As shown below, the shifts in the critical parameters themselves, owing to 
the cell constraint, are about 15% for the Lennard-Jones fluid with single 
occupancy. By recalling the known universal scaling laws [4] for the 
behaviour of thermophysical properties on approaching the critical point, it 
should be possible to anticipate appropriate corrections without the need for 
an extensive series of simulations at higher occupancy. 

THE PHASE DIAGRAM OF THE SINGLE PARTICLE 
PER CELL FLUID 

Cell MC simulations have been carried out for the Lennard-Jones (12- 
6)(LJ) fluid with single particle occupancy over the following grid of phase 
points: 

V* = v / c 3  = 1.20, 1.40, 1.60, 1.75, 2.00, 2.25, 2.50, 2.75, 3.00, 3.50, 5.00 
T' = kBT/E = 0.7, 0.9, 1.1, 1.3, 1.4, 1.5, 1.6, 1.7, 2.0 (Grid A) 

These 99 phase points cover a wide region around the critical point. 
Reduced units are used here for volume per particle v and absolute 
temperature T where D and E are the length and energy scales, respectively, 
of the spherically symmetric LJ potential, 

qqr) = 44(C7/r)l2 - (a/r,". 
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22 J. WESTERGREN et al. 

A space filling simple cubic cell structure is simulated with 512 particles in 
the global box which is repeated in space subject to the usual periodic 
boundary conditions, The particles are initially arranged on a regular lattice 
which is "melted" over a sequence of MC steps without accumulating any 
statistics. During the meltdown period ( lo6 attempted moves), the maximal 
particle displacement is adjusted so that close to half the total number of 
trial moves are rejected. Production runs accumulated statistics over 1 O7 
trial moves and showed rapid convergence. 

The pressure was calculated from the ensemble average of the con- 
figurational virial energy. Following convention, the potential and the virial 
energy are truncated at rr = 2.620 and a tail correction L I P  subsequently 
applied so that, 

P = Psirn + LIP, 

where, 

Given the side length of the global cubic box L, the radial distribution 
function g(r)  is sampled for O <  r < L/2 and used in (4) to calculate the 
integral on the range rc 6 r 6 L/2. For r 3 L/2, the mean field approxima- 
tion is invoked (k., g ( r )  = 1) to evaluate the remaining integral analytically. 
Note that the virial integral in (4) is extended over the full LJ potential (l), 
while g(r)  is obtained for the truncated potential. 

Configurational correlation lengths along the Markov chain have been 
estimated by the method of block averages [l]  and subsequently used, 
together with the standard deviations of the sample averages, to determine 
errors on the thermodynamic properties. For example, the correlation 
length at the phase point T *  = 1.1, v* = 2 was obtained from the asymptotic 
values in Figure 1. The dashed line represents a conventional simulation 
where the particles were free to move out of their cells and clearly indicates 
much longer correlation lengths than the corresponding single occupancy 
cell constrained result where the relative errors in the pressure are better 
than 1 %. As anticipated, the cell constraint effectively eliminates the 
convergence difficulties associated with condensation. Figure 2 illustrates 
the convergence in the pressure for a typical case ( T "  = 1.1, v* = 2) within 
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500 1000 
Block size (macro steps) 

FIGURE 1 At a reduced temperature T* = 1.1 and reduced volume per particle v* = 2.0, the 
statistical inefficiency [ I ]  is compared between a conventional global box simulation and a cell 
constrained algorithm with single particle occupancy per cell. A macrostep corresponds to 512 
trial moves, one for each of the particles simulated. For clarity, the cell confined result has been 
magnified by a factor of five. Configurational correlation lengths are defined by the asymptotic 
values of the statistical inefficiencies. Evidently, the conventional simulation correlation length 
is not well determined from these results, but most probably exceeds 200 macrosteps, that is 
more than twenty times larger than for the cell constrained algorithm. 
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FIGURE 2 The convergence of reduced pressure as a function of Markov chain length 
(including meltdown) is shown for the simulations described in Figure 1. 
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I 
1 2 3 4 5 6 

Volume per particle, v 

FIGURE 3 Best fit isotherms to the 99 state points (Grid A) obtained from a cell constrained 
simulation with single particle occupancy per cell. In all cases the statistical error, corrected for 
configurational correlations, is in the range lo-’ in reduced pressure, so errorbars 
would be indiscernable on the scale of the plot. Upper panel: van der Waals equation of state. 
Lower panel: HS-B2-C model. 

the coexistence curve from an MC simulation both with and without the cell 
constraint. The conventional unconstrained simulation exhibits much 
slower convergence. 

Pressure P as a function of volume per particle v and temperature T is the 
main simulation output and provides a representation of the phase diagram 
of the fluid over the 99 state points indicated in Figure 3. To more readily 
interpret this information, three simple equations of state (EOS), cubic in v ,  
have been defined to fit the data and extract estimates of the critical 
properties: 

(1) the van der Waals (vdW) equation of state, 

(2) the GvdW(HS-B2) equation of state, 

kgT a - cksT .  p=--  
v - b  v2 ’ 
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DENSITY FLUCTUATIONS 25 

(3) the GvdW(HS-B2-C) equation of state, 

Note that the number of parameters grows from two to four within this 
EOS sequence. Certainly the most celebrated, Eq. ( 5 )  needs no further 
comment, while the second stems from a low density hard sphere second 
virial coefficient correction to the bulk GvdW EOS which has been 
successfully used in earlier work [7]. Equation (7) is a hybrid of the 
GvdW(HS-B2) result and an EOS originally proposed by Clausius [8] and 
more recently promoted by Martin [9], Joffe [ 101 and Kubic [ 1 13. The best fit 
parameters were obtained by nonlinear Levenberg-Marquardt minimization 
[12] of the sum of squared residuals Q between simulation pressures and 
EOS models, 

1 
Q ( a , b , .  . .) = -C ( P y c  - Pi(a ,b , .  . . ) )2 .  

2 i z l  

Fits were also obtained based on dispersion weighted deviations, 

2 99 

i= 1 
Qw(a ,b , .  . .> = (pMc - Pi(u, 6 , .  . . ) )2 /~f ,  2 (9) 

where ti, the standard deviation, is a measure of the uncertainty in the 
simulation pressure at state point i. 

In all cases the minimization yielded well determined parameters of 
physically reasonable magnitude. From theoretical considerations, the van 
der Waals and GvdW(HS-B*) EOS are commonly used with a priori 
parameters a, b and c expressed in terms of microscopic quantities defining 
the interaction potential. The parameter g of Eq. (7) is expected to be 
positive and a fraction of 03. Optimal parameter values together with the 
corresponding original GvdW values are compared in Table I. Note that the 
minimal Q and Qw both decrease as the model degrees of freedom increase. 
It is evident from the fits shown in Figure 3 that although all three 
functional forms capture the essence of the data, many details of the 
isotherms are not well reproduced in the original van der Waals EOS. A 
significant improvement in the fit can be obtained, however, with the 
GvdW(HS-B2) and GvdW (HS-B2-C) equations of state. 

To further appreciate the consequences of the shifts in parameter values 
determined here, the corresponding critical parameters implied by each EOS 
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TABLE I1 Analytical results for the critical properties of the van der Waals, the GvdW(HS- 
B2) and the GvdW(HS-B2-C) equations of state. Note that d =  b i g  

EOS Pl Vl T? Z* 

vdW a/27h2 3b 8a/276 3i8 
HS-B2 a/(27b2 + 8bc) 3b 8a/(21b + 8c) 3i8 
HS-B2-C 4 2 1 2  + 8dc) 3b + 2g 8a/(27d + 8c) (36 + 2g)/8d 

are also considered. For all of the EOS forms above, analytic critical 
properties are readily obtained from the condition, 

and are reported in Table 11. 

DETERMINATION OF THE CRITICAL POINT 

The critical point is perhaps the most natural property to consider for a 
comparison of the phase diagrams from simulations with and without cells. 
Since the EOS fits on the complete data set of grid A also include many state 
points remote from the coexistence region, however, the critical properties 
quoted in Table I may more reflect the lack of model sophistication rather 
than describing the classical asymptotics. Therefore, a reduced subset of grid 
A comprising only 12 phase points and focusing on the near critical region 
has been identified: 

V* = 2.50, 2.75, 3.00, 3.50 
T" = 1.6, 1.7, 2.0 

(Grid B) 

Grid B has also been used to explore the cases of 8 particle cell occupancy 
and conventional 5 12 particle global box simulations without internal 
constraints. Pressure results on grid B have been fitted to the GvdW(HS- 
B2-C) EOS model with the optimal parameters and consequent critical 
properties listed in Table 111. Best fit isotherms are plotted in Figure 4 
together with the raw data for the cases of (i) single cell occupancy, (ii) 8 
particle occupancy and (iii) no cell constraints. The large symbols in Figure 4 
indicate the critical points from Table 111, confirming that grid B actually 
spans the asymptotic region while generally remaining in single phase states. 
Both GvdW models overestimate the critical temperature and pressure by 
some 20- 30% while the critical volume is within about 5% of the standard 
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Volume per particle, v 

FIGURE 4 Best fit isotherms to the 12 state points (Grid B) obtained from a cell constrained 
simulation with single particle (. . ‘0.  . .) and 8 particle (- - * - -) occupancy per cell, using the 
HS-B2-C model. For comparison, an equivalent fit to conventional simulation data with no cells 
(-0-) is also included. The large symbols (O,O, *) indicate the corresponding critical points 
obtained analytically from the equation of state. 

Monte Carlo result. Part of this deviation can be ascribed to physical 
phenomena, that is the “classical” description of critical fluctuations 
necessarily accompanying the cell constraints, while a purely mathematical 
contribution arises from the misfit of the simulation results afforded by the 
crude GvdW equations of state. 

Although the fit appears excellent to casual observation, the predicted 
critical properties are rather sensitive to the selection of data. Moreover, the 
choice of EOS will also systematically affect the critical point location. 
Clearly, it would be preferable to determine the critical properties directly 
from the simulation data without recourse to an EOS model. One approach 
starts by choosing a number of isotherms within the coexistence region close 
to the critical point. For a sufficiently large number of state points on each 
isotherm, a Maxwell construction can be carried out directly on the (P, v) 
data to obtain the apex of the coexistence curve from which Pr and vz can be 
determined. As the coexistence curve is rather flat close to the critical point, 
a direct estimate of v: will be of poor precision. By appealing to the 
empirical law of rectilinear diameters [13], however, v: should lie, to a very 
good approximation, at the intersection of the coexistence curve and an 
extrapolated straight line bisector of tie-lines between orthobaric densities. 
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I 

I (b) 8/cell 

0.2 

0.16. 
2 
2 0.14. 
2 a 

0.12. 

0.1 

3 

i:, . (a) l/cell 

- 

Volume per particle, v 

2 3 4 5 6 
0.08' * 

Volume per particle, v 

FIGURE 5 The coexistence region of the phase diagram, in the pressure-volume projection, 
for a cell constrained Lennard-Jones (12-6) fluid. Open circles denote raw simulation data 
while linear interpolation is performed to aid the Maxwell construction indicated by the shaded 
areas. The coexistence envelope and the rectilinear diameter are shown as bold dashed-dotted 
lines. Isotherms fitted by the HS-B2-C equation of state model are also included ( -  - -) and 
the corresponding critical point is identified (*). (a) Single particle occupancy per cell with 
isotherms T' = 1.6724, 1.6896, 1.7069 and 1.7220. (b) Eight particle occupancy per cell with 
isotherms 7" = 1.3414, 1.3560, 1.3710 and 1.4150. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



T
A

B
L

E
 IV

 
C

ri
tic

al
 p

ar
am

et
er

s f
or

 th
e 

iso
th

er
m

s 
of

 F
ig

ur
e 

5 

E
O

S 
n 

a 
b 

C 
g 

PF 
vf

 
T:

 
=,. 

H
S-

E
l-C

 
1 

6.
35

3 
1.

25
4 

-0
.0

65
3 

-0
.1

54
 

0.
19

8 
3.

45
4 

1.
74

2 
0.

39
3 

H
S-

B
2-

C
 

8 
6.

38
6 

1.
09

2 
0.

86
2 

-0
,0

34
2 

0.
17

0 
3.

20
7 

1.
44

1 
0.

37
9 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
8
:
5
2
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



32 J. WESTERGREN et al. 

This method is demonstrated in Figure 5 both for the case of single 
particle cell occupancy with the isotherms at T* = 1.6724, 1.6896, 1.7069 
and 1.7220, as well as the corresponding results for 8 particle cell occupancy 
on the isotherms T* = 1.3414, 1.3560, 1.3710 and 1.4150. In these simula- 
tions, the cutoff radius is set to r,=4.00a. Unfortunately, even under 
the strictest constraint of single particle cell occupancy, convergence is slow 
very close to the critical point and, at the same time, accurate Maxwell 
construction becomes more difficult as the areas above and below the 
isotherm are both small. 

Critical point determination using only simulation data remains 
inaccurate. After having built up a rather detailed picture of the coexistence 
region immediately below the T,, however, an EOS model can now be fitted 
to the data with some confidence. In Figure 5, the HS-B2-C EOS has been 
fitted to the four isotherms, with satisfyingly good agreement, as indicated 
by thin dashed lines. For both cell occupancy cases, the predicted critical 
points, shown as a star in Figure 5 and quoted in Table IV, lie close to an 
imagined intersection of the dashed-dotted lines in accordance with the law 
of rectilinear diameters. 

Pressure 

FIGURE 6 The vapor pressure curve in the temperature-pressure projection of the phase 
diagram for a cell constrained Lennard-Jones (12-6) fluid. Raw data from single particle and 8 
particle cell occupancy simulations are indicated (0) corresponding to the isotherms of Figure 5. 
The straight line of best fit is extrapolated to the critical point (*) determined from the HS-B2-C 
equation of state model and listed in Table IV. 
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In a (T,  P) projection (Fig. 6), the pure simple fluid vapor pressure curve is 
very closely approximated by a straight line. Extrapolating the temperature 
to P: of Table IV, yields T,' = 1.746 and T: = 1.444 for single particle and 8 
particle cell occupancy, respectively, With this combination of raw data 
anaylsis and EOS modelling, we believe that the results summarised in 
Table IV are close to the true critical parameters for each of these systems. 

ANALYSIS OF VAN DER WAALS LOOPS IN SIMULATIONS 

As verified above, the imposition of uniform single phase configurations by 
cell constraints will give rise to classical loops in the (P, v )  isotherms. What 
happens to these loops as the constraint is relaxed by expanding the cell size 
and the number of particles per cell at fixed overall density? This question 
may as well be asked with respect to the normal periodic boundary 
condition simulations where the simulation boxes and occupation numbers 
are larger but still finite. In a recent series of articles, Nakanishi and 
coworkers [5] have described studies of the van der Waals loop in MC and 
MD simulations carried out for fluids with truncated and shifted Lennard- 
Jones potentials, thereby avoiding the need for long range correction of the 
type used here. It is claimed that the approximation g(r) = 1 for r > rc 
enhances the unphysical loop which is related to the system size and to the 
magnitude of the gas -liquid surface tension. Evidence is produced showing 
that the loop, which is very prominent for simulations with 256 active 
particles, is nearly eliminated for 55296 particles. This observation is 
interpreted in terms of bubble formation at reduced pressure and the 
inability of small systems to develop large and long ranged density 
fluctuations under the normal simulation procedure with periodic boundary 
conditions. 

The purpose here is to use the cell-constrained fluid models and the 
GvdW density functional formalism to interpret the van der Waals loops 
and further clarify the underlying mechanisms. This endeavour can be 
motivated on the strength of the fact that cell constraints and the 
corresponding configurational restrictions in the GvdW analysis permit 
estimation of the relative stability of density fluctuations. Thus, the cell 
constrained fluid model with I or 8 particles per cell of the same size 
accounts for a class of configurations which together will define what we 
mean by a "uniform fluid". A nonuniform fluid, on the other hand, can then 
be created by allowing the cell size to vary spatially in some systematic way. 
For example, a two-phase structure can be artificially created where a liquid 
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drop is represented by a cluster of small cells, in the center of the global 
simulation box, which is surrounded by a lattice of larger cells. Given the 
free energy corresponding to both the uniform F(’) and two-phase P(2) 
structures, then the density fluctuations within the coexistence curve of the 
bulk fluid can be accounted for by writing the approximate total partition 
function as, 

Q = exp(-PF(’)) + exp(-PF(2)), ( 1 1 )  

where ,B = l/(kBT) as usual. Unfortunately, free energies are notoriously 
difficult to obtain from simulations. By focusing on qualitative mechanisms 
rather than quantitative analysis, however, the GvdW theory can, albeit 
with some loss in accuracy, provide the relevant free energies required. In its 
simplest form, denoted GvdW(S), the GvdW configurational free energy 
functional is, 

where Cs(r) is the soft attractive part of the Lennard-Jones pair-potential, 

and f i  is a coarse-grained particle density which delocalises microscopic 
position information over a characteristic volume. Details of the theory 
have been given elsewhere [14] and are not required here, except to note that 
it is consistent with a cell constrained fluid model and it yields free energies 
of quite good accuracy for both bulk fluids and gas-liquid interfaces. In 
particular, by setting n = f i  nonlocal entropy effects are neglected and the 
surface tension can be obtained analytically when the gas - liquid density 
distribution through a planar interface is assumed to take stepfunction 
form, 

where nl and ng are the liquid and gas number densities, respectively. 
Specifically, the following expression for the surface tension y is obtained, 
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The true surface tension is smaller owing to spatial relaxation of the density 
profile and, to a lesser extent, the nonlocal entropy associated with excluded 
volume effects. Both these contributions can be estimated quite accurately 
by a more sophisticated GvdW calculation that incorporates both these 
mechanisms. For the present purposes, however, an empirical fit based on 
the so-called parachor parameter Po of Macleod and Sugden [15] will be 
adequate, 

To arrive at a simple expression for y, note that the density profile is quite 
sharply defined at the triple point and (nr-ng)  N C3, so that, 

4 3 2 
- ng) . - .g) N "lsf = -7rEc74(n[ 4 

Thus, we obtain the parachor, 

3 10 Po N-7T&C , 
4 

and, consequently, the surface tension. 

which agrees favorably with experimental values for argon as illustrated in 
Figure 7. Armed with this simple analytical expression (19) for the surface 
tension of a Lennard-Jones gas-liquid interface we now proceed to consider 
the free energy of a two-phase structure composed of a central sphere of the 
phase of smallest volume surrounded in the simulation box by the phase of 
maximal volume, both phases being in coexistence at their equilibrium 
densities nl or ng, respectively. 

Basic thermodynamic arguments [16] yield, 

F ( ~ )  = ~ d ( n [ )  + Ngf(ng) + 47rr,2y, (20) 

where Nl and Ng are the particle numbers in each phase with the 
corresponding intensive total bulk Helmholtz free energy per particle f, 
given in the GvdW(S) theory by, 

f ( n )  = ksT 31nA +In - ( ( 1 : n o 3 ) )  - 
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FIGURE 7 The reduced surface tension y' ( i e . ,  in Lennard-Jones units, E = u= 1) predicted 
by GvdW theory (Eq. (19)), and indicated by the solid line, is compared with experimental 
results 1201 for argon (0) reduced by best-fit LJ potential parameters as in Table 111. 

with the binding energy parameter, 

and the thermal wavelength, 

for particles of mass m. The last term of Eq. (20) is the surface free energy of 
a spherical drop or bubble with radius r, given by, 

Similarly, the uniform fluid structure has a free 

F(') = Nf(n). 
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Now, compute the pressure inside the bulk coexistence curve as the 
appropriate derivative of Eq. ( 1  1 )  to obtain, 

(27) 
d 

dV 
P = -kBT-lnQ = BP(') + ( 1  - 0)P(2) ,  

where 0 is the probability of finding the system in a single phase structure, 

and ( 1  - 0) is the complementary probability for the phase separated state. 
The corresponding pressures inherent to the two structures are, 

kB Tn 
1 - no3 

an2, p(1) = ~ - 

where P,, is the vapour pressure which would apply in the absence of 
surface tension, 

P,, = P( ' ) (n / )  = P( ' ) (ng ) ,  (31) 

and A P ,  collects the surface tension contribution, 

(32) 
d 

AP,  = -- ( 4 7 4 7 ) .  dV 

To resolve this derivative, first consider the case of a spherical liquid drop, 
with volume V,, at the center of the global box, so, 

whence it follows that, 
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In the transposed case of a central spherical gas bubble, a similar argument 
leads to, 

It is immediately clear that r, scales with system size as N1/3 .  Thus, the 
deviation of the two-phase pressure from its limiting value P,,, at fixed 
particle density n,  is slowly diminishing with increasing system size. The 
extra free energy of the uniform phase grows like N ,  while that of the two- 
phase structure rises only as N2'3 with system size. As N increases, therefore, 
at fixed average density n,  the most probable configurations shift from 
uniform to two-phase structures. The overall effect is to diminish the loop 
with increasing system size. This is confirmed in Figure 8 where subcritical 

0.1 ' 

0.05 - 

0 .  

-0.05. 

A 
0 5 10 

Volume per particle, v 

-0.1 

FIGURE 8 Subcritical ( T i  = 0.8T:) van der Waals loops calculated from GvdW theory are 
plotted for a uniform fluid and a spherical drop or bubble at gas-liquid coexistence. For the 
two-phase system, finite size effects are demonstrated by varying the total particle number N 
and the corresponding isotherms identified by line type as follows: N =  3" (. . .); N =  37 (- . -); 
N = 36 (- - -). Single phase regions are labelled A and D, while in region B a spherical liquid 
droplet is surrounded by vapor and, conversely, a spherical gas bubble is surrounded by liquid 
in region C. Transitions between these states are observed, in most cases, to be very abrupt, 
giving rise to almost vertical lines. As N decreases, the isotherm must penetrate further into the 
coexistence region before drops or bubbles can be formed. The smooth solid line denotes the 
isotherm of a uniform fluid, that is the limiting response of arbitrarily small systems where 
density fluctuations are completely damped, and the shaded areas exhibit the corresponding 
Maxwell construction with the horizontal tie-line joining the coexistence densities. 
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isotherms calculated from Eq. (27) are compared for different N values and 
also with the uniform fluid limit. 

The preceding argument is qualitative and simplified since the full 
ensemble of all fluctuations is not accounted for, merely those which are 
expected to dominate. Very crude approximations have also been committed 
to obtain the equation of state and the surface tension. Despite the doubt- 
less poor accuracy of the finite system isotherms shown in Figure 8, they 
transparently illustrate the dominant underlying mechanism of loop 
reduction for increasing system size which will also be evident in simulation 
studies. No distinction is drawn here between simulations imposing periodic 
boundary conditions outside the global box (as in the standard algorithms) 
and those where cell constraints are applied. Particles continue to interact 
across cell boundaries in the latter, and are not subject to periodic 
replication except at distances greater than neighboring cells. 

DISCUSSION AND CONCLUSION 

The results above confirm the proposition that the localised confinement of 
simple fluid particles “regularizes” equilibrium statistical mechanical 
simulations by conferring a dramatic improvement in the rate of con- 
vergence. This raises the possibility of routine simulation techniques for 
molecular fluids. At the same time, imposing a confining cell structure 
clearly alters the physical observables, particularly the phase diagram 
around the critical point. The present results imply that the critical 
properties may be altered by roughly 20% or 10% with cell occupancy 
constraints of 1 or 8 particles per cell, respectively. Such deviations are likely 
to be generic for a wide range of molecular fluids and can be estimated using 
the modern theory of critical phenomena [17]. It is also possible to probe 
these effects by further simulations which systematically vary the degree of 
confinement of the fluid particles. 

What is gained by cell-confinement? Most practically, a comparatively 
rapid convergence rate for ensemble averages at all state points. 
Furthermore, there is scope to implement routine simulations for simple 
and molecular fluids to obtain equations of state, conforming to standard 
empirical types, which display van der Waals loops and must be treated by 
the Maxwell construction in the coexistence region of the phase diagram. A 
major difficulty encountered with the conventional global box simulation 
under periodic boundary conditions lies in the inability to predetermine the 
scale of fluctuations, at a given state point, which can give rise to poor 
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statistics or unpredictable convergence to metastable structures of unknown 
properties. As discussed by Nakanishi and coworkers [ 5 ] ,  the van der Waals 
loops are present for all finite size systems in the coexistence region. They 
are difficult to converge and to interpret. The simple analysis given here 
illuminates quite clearly the underlying mechanism driving them and how, in 
principle, the loop amplitude depends on system size. It seems certain, 
however, that conventional simulations will encounter difficulties or fail to 
resolve such gross fluctuations as represented by the uniform and two-phase 
structures anticipated through this analysis. Much more work is needed to 
establish the timescales of such density fluctuations and the chain lengths 
required, in either MC or MD simulations, to achieve satisfactory 
convergence. Simple arguments from nucleation theory suggest that the 
uniform and two-phase structures are separated by a free energy barrier 
which inhibits optimal phase space sampling in both types of simulation 
method. 
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